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We focus on the mathematical foundations of diffusion models
through low-dim structures and their scientific applications:

+ Introduction of Diffusion Models

+ Lecture I: Generalization of Learning Diffusion Models
+ Lecture II: Controllability of Diffusion Models

« Lecture Ill: From Theory to Scientific Applications




Application of Diffusion Models: Solving Inverse Problems

« Inverse problems are common across scientific applications.”
- Diffusion models learn strong priors to effectively solve them.

1Zheng et al., InverseBench: Benchmarking Plug-and-Play Diffusion Models for Inverse Problems
in Physical Sciences, ICLR 2025.
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Image Reconstruction Problems




Inverse Problems

Measurements Imaging System High-quality
Images

Goal: Recoversignal x 2 R" from noisy measurementsy 2 R™
(m n):

y=AX)+n

where A() is a forward model, and n is some measurement
noise.




Leverage Prior Knowledge for Solving Ill-Posed Inverse Problem
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« Conventional method: requires dense sampling
+ Regularization method: sparsity in transformed domain
+ Data driven method: learned prior from a data-driven way



Recap: Score-based Diffusion Models

Data Forward SDE Noise

@ dx, f(t)x, dt + g(t) dw, —)@

Score function

dx, = [f(t)x, — g(t)? Jdt + g(t) dw,

Samples Reverse-time SDE Prior

+ Forward diffusion process as stochastic differential equation
(SDE)
+ Generative reverse SDE: uses score function to sample from
prior p(x)
Diffusion models learn data prior by modeling data distribution
through unsupervised training.



Solving Inverse Problems via Conditional Sampling

Goal: Recover signal x 2 R" fromy 2 R™ (m  n):
y=AX)+n

with forward model A() and noise corruption n.
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Goal: Recover signal x 2 R" fromy 2 R™ (m  n):
y=AX)+n

with forward model A() and noise corruption n.

Idea of applying diffusion models: sampling from p(xjy) instead of
p(x) within the diffusion reverse process:

rlogpe(Xejy) = m{gt(xt;+ rlog p{gyj xt;:

we already have  missing & intractable




Solving Inverse Problems via Conditional Sampling

Goal: Recover signal x 2 R" fromy 2 R™ (m  n):
y=AX)+n

with forward model A() and noise corruption n.

Idea of applying diffusion models: sampling from p(xjy) instead of
p(x) within the diffusion reverse process:

rlogpe(Xejy) = m{gt(xt;+ rlog p{gyj xt;:

we already have  missing & intractable

+ Advantages: unsupervised learning with limited assumptions,
and comparable or better performance to supervised learning.
+ Challenges: Estimating the posterior score r logpe(y j X¢)?



Diffusion Posterior Sampling (DPS, Chung et al. 2023)

+ Posterior score decomposition:

rlog pe(Xt j ) = rlogpe(xe) + rlogpe(y j Xt)
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+ Posterior score decomposition:

rlog pe(Xt j ) = rlogpe(xe) + rlogpe(y j Xt)

- Posterior mean estimation (Tweedie’s Formula):

R0 1= E[xo j X = p% e+ (L (©)rlogpe(xo))

 Approximating r logp:(y j X¢) via
P(Y i %t) 7 py j Ro):



Diffusion Posterior Sampling (DPS, Chung et al. 2023)

« Decomposing posterior score:
rlog pe(Xe j ¥) = rlogpe(Xe) + rlogpe(y j Xt)
+ Take backpropagation through the network:

rx logp(y j Xt) 7 rx logp(y j Xo)
T ky  ARo(Xe)K;:
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Diffusion Posterior Sampling (DPS, Chung et al. 2023)

Figure 1: Diffusion Posterior Sampling Process

Guide the unconditional diffusion sampling process with the
conditional gradient iy, ky A(ko(xt))kg.
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Limitations of Coupled Sampling & Data Consistency

+ Limitation 1: large number of sampling steps.
 To ensure data consistency, it cannot benefit from faster samplers
such as DDIM (Song et al. 2020) and Consistency Models (Song et
al. 2023).
- This is because coupled sampling and data consistency.
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